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Abstract 

We consider the problem of the symplectic realization of a Poisson-Nijenhuis 
manifold. By applying a new technique developed by M. Crainic and I. Marcu^ 
for the study of the above problem in the case of a Poisson manifold, we establish 
the existence, under a condition, of a nondegenerate Poisson-Nijenhuis structure on 
an open neighborhood of the zero-section of the cotangent bundle of the manifold, 
which symplectizes the initial structure. Additionally, we present some examples. 
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1 Introduction 

A bi-Hamiltonian manifold is a smooth manifold M endowed with a pair (nojlli) of 
compatible Poisson structures in the sense that Ho -|- Hi is still a Poisson structure. 
The last condition happens if and only if the Schouten bracket of Ho with Hi vanishes. 
Poisson-Nijenhuis manifolds is a particular class of bi-Hamiltonian manifolds which are 
characterized by the property that the pair (HoiHi) possesses a Nijenhuis operator N 
as a recursion operator. The first notion is due to F. Magri m and the second has been 
introduced by F. Magri and C. Morosi m in order to study the complete integrability 
of Hamiltonian dynamical systems. Franco Magri first discovered that if a dynamical 
system X on M can be written in Hamiltonian form in two different compatible ways, 
namely, there exist a bi-Hamiltonian structure (no,ni) on M and /o,/i S C°°{M) such 
that 

X = U*{dh) =uf{dfo), 

then it possesses an infinity of first integrals. More precisely, if Hq and Hi have Casimirs 
functions, then, they are first integrals of X as well as the Casimirs of the Poisson pencil 


IIa = Hq + AIIi, A E M. While, if Ho is nondegenerate, then the pair (Ho, Hi) has a 
recursion operator N = o 11^ and the functions Ik = Trace(iV^), A: = 1,... ,n = 
— dimM, are first integrals of X. Consequently, if enough of the obtained hrst integrals 
are functionally independent, then the system is completely integrable in the sense of 
Arnold-Liouville. This result is the origin of an increased interest in the study of bi- 
Hamiltonian and specially Poisson-Nijenhuis manifolds during the last 35 years. Many 
mathematicians have examined a plethora of problems related with these structures. 
Indicatively, we cite the works of Y. Kosmann-Schwarzbach and F. Magri m where 
Poisson-Nijenhuis and related structures are studied under algebraic circumstances, [H] 
in which Y. Kosmann-Schwarzbach suggested a relation between Lie bialgebroids and 
Poisson-Nijenhuis structures, m and [28] in which I. Vaisman developed the theory 
of Poisson-Nijenhuis manifolds using Lie algebroids and studied the reduction problem 
of these manifolds, respectively. Moreover, we cite the works of 1. M. Gel’fand and 1. 
Zakharevich [11], P. J. Olver [21], F. J. Turiel [2^ and of the author [22], [23] where the 
local classification of bi-Hamiltonian and Poisson-Nijenhuis structures is considered. 

One of the most important problems in Poisson geometry from the point of view of 
integration and quantization theory of Poisson manifolds is that of symplectic realization 
of a Poisson manifold (M, H). It consists of constructing a surjective submersion $ : 
(M,n) —)• (M, H) from a symplectic-Poisson manifold (M,n), i.e. H is nondegenerate, 
to (M, H) such that <1> is a Poisson map. The existence of a local symplectic realization 
for a given (M, H), i.e. in the neighborhood of a singular point of H, and its universality 
was proven by A. Weinstein in [30] while the existence of a global symplectic realization 
for any Poisson manifold is established by A. Weinstein and his collaborators A. Coste 
and P. Dazord in [3]. The same global result was obtained independently by M. Karasev 

m- 

The analogous problem in the framework of bi-Hamiltonian manifolds is expressed as 
follows: For a given bi-Hamiltonian manifold (M, no,ni) whose all the Poisson struc¬ 
tures of the associated Poisson pencil n>, = Hq -|- AHi, A E M, are degenerate, con¬ 
struct a surjective submersion <I> : (M, HojHi) —)• (M, no,ni) from a nondegenerate 
bi-Hamiltonian manifold (M,no,ni), i.e., at least one of the structures o/(no,ni) is 
nondegenerate, to (M, HqjHi) such that ^ is a Poisson map for the both pairs (HoiHo) 
and (Hi,Hi). It is a difficult problem and it has been studied by the author in [2T]- Her 
results are local and concern some special cases. 

Recently, M. Crainic and 1. Marcu^ have presented a new proof of the existence of a 
symplectic realization of a Poisson manifold (M, H) based on the theory of contravariant 
connections and of Poisson sprays. It consisted in the construction of a symplectic form 
on an open neighborhood of the zero-section of the cotangent bundle of M [6]. By 
studying this paper the natural question which arises is: Can we use the M. Crainic and 
I. Marcus’s new technique in order to investigate the symplectic realization problem of a 
degenerate bi-Hamiltonian manifold (M, HojHi)? 

The purpose of this paper is to study the above question. Because of the difficulties 
that we have encountered in the consideration of the general case, we restricted our 
study in the case of Poisson-Nijenhuis manifolds and we proved the following result: 
For any Poisson-Nijenhuis manifold N) endowed with a symmetric covariant 

connection V compatible with N, in a sense specified below, there exists a nondegenerate 
bi-Hamiltonian structure on an open neighborhood of the zero-section of the cotangent 
bundle of M that symplectizes (Hq, Y). 

The proof of the main result is given in Section [3] and for its presentation we follow 
the notation of M. Crainic and 1. Marcus’s paper. Section [2] is devoted to the recall of 
some preliminary notions while in section S] we give some examples. 


2 Preliminaries 


We first fix our notation and recall some important notions and results needed in the 
following. Let M be a smooth n-dimensional manifold, we denote by TM and T*M 
its tangent and cotangent bundle, respectively, by T{TM) and T(T*M) the correspond¬ 
ing spaces of smooth sections of TM and T*M, and by C°°{M) the space of smooth 
functions on M. The canonical projection of T*M onto the base M is denoted by 
TT : T*M —>■ M. Finally, for any local coordinate system (x^,..., x”) of M we denote by 
(x^,..., x”, yi,..., jjn) or (x, y) the adapted coordinate system on T*M. 


2.1 Poisson-Nijenhuis manifolds 

We recall some basic definitions concerning Poisson structures and we give the formal 
definition of a Poisson-Nijenhuis manifold. 

A Poisson manifold (M, IT) is a smooth manifold M equipped with a smooth bivector 
field n such that [11,11] = 0, where [•, •] denotes the Schouten bracket, the unique natural 
extension of the Lie bracket between vector fields to multivector fields, |17] . [29], [8]. The 
bivector field IT defines a natural vector bundle morphism Ll^ : T* M ^ TM whose the 
induced morphism on the space of smooth sections, also denoted by Ll^, is defined, for 
any a,/? G T{T*M), by 

(/3,n#(a)) =n(a,/?). 

The map Lf^ is a Lie algebra homomorphism from the Lie algebra (r(r*M), [•, -jn) to 
the Lie algebra {T{TM), [•,•]), where the Lie bracket [•, -Jn on T{T*M) is given by 


[a, /3]n = -Cn#(a)/3 - - d{U{a, /?)). (1) 

In the particular case where a = df, the vector field IL^(d/) is called the Hamiltonian 
vector field of / with respect to H and it is denoted hy Xf. 

A differentiable map between two Poisson manifolds ; (Mi,Hi) —)• (M 2 ,n 2 ) is 
called Poisson map or Poisson morphism if the vector bundle morphisms Hj^ : T*Mi —)■ 
TMi and H^ : T*M 2 —)■ TM 2 satisfy, for all x G Mi, 


n; 


# 


= o n 


# 




A Nijenhuis structure on a manifold M is a tensor field N of type (1,1), viewed also as 
a vector bundle map N : TM ^ TM, with Nijenhuis torsion T{N) :TM x TM TM 
identically zero on M. This means that, for any pair {X,Y) of vector fields on M, 

T{N){X, Y) = [NX, NY] - N[NX, Y] - N[X, NY] -7 N‘^[X, Y] = 0. 


A Poisson-Nijenhuis manifold is a Poisson manifold (M, Hq) equipped with a com¬ 
patible Nijenhuis structure N in the sense that 

N o o *iv (2) 

and the Magri-Morosi’s concomitant (^(no,^) of Hq and N is identically zero on M. 
The concomitant C(no, N) is a T*M-valued bivector field on M defined, for any (a, B) G 
r(r*M) X r(r*M), by 

C(no,iV)(a,/l) = (£n#(„)*lV)/5- (^n#(/ 3 )*^)«+ *^^(no(«,/3)) -d(ni(«,/!)). (3) 

The condition ([2|) and the vanishing of (^(no,^) ensures that Hi, defined by H^ = 
N o Hg , is a bivector field which satisfies the relation [Hq, Hi] = 0. Then, the vanishing 
of r(A^) implies that Hi is also Poisson, [20]. Thus, (Hq, Hi) is a bihamiltonian structure. 


As is well-known m, a Poisson-Nijenhuis structure (Ho, N) defines a whole hierarchy 
(nfc)fcgi^ of Poisson structures, 11^ = o 11^, which are pairwise compatible, i.e., for 
all k,l G N, [Ilfc, 11/] = 0. In the particular case where N is nondegenerate, the hierarchy 
is defined for any k £ Z, also. 


2.2 Lifts to the cotangent bundle 

The theory of lifts of tensor fields from an arbitrary manifold M to its cotangent bundle 
T*M is dealt with in the book by K. Yano and S. Ishihara m- In this subsection we 
shall present some results concerning the lifts on T*M of a Nijenhuis tensor and of a 
vector field on M. 

Let be a Nijenhuis tensor field on M which in a local coordinate system (x^,..., x"") 

Q 

of M is written as N = v] 7 ^ 0 dx^. We shall present two different ways of lifting N 

ax® 

on T*M. In the first way, the vertical lift of N, we get a vertical vector field on 

■ d 

T*M given by A'®' = —• In the second way, the complete lift of N, we obtain 

^dyj 

a tensor field of type (1,1) again on T*M; its local expression in the coordinates 
(x^ ... ,x®®,yi,.. .,yn) of T*M is 


d d duj 

^ ® ^2/®) + y®(^ “ Tfl’TT 

ax® oyj ax'® oxJ ay 




Moreover, viewed as a vector bundle map : T{T*M) T{T*M) has the matrix 
expression 

.y. w 

where A = (al) with al = T{N^) = {T{N)Y, where 

(T{N)Y is the complete lift on T*M of the skew-symmetric (l,2)-tensor field T{N) on 
M [31]. Thus we conclude 


Proposition 2.1 The complete lift of a Nijenhuis operator N on M is a Nijenhuis 
operator on T*M and reciprocally. 


Now, we assume that M is endowed with a classical symmetric linear connection V. 
The symmetry condition of V means that its torsion Ty is identically zero, i.e., for any 
X,Y £ T{TM), 

Ty (A, y ) = VxY - Vy A - [A, y] = 0. (5) 

In a coordinate system (x^,... ,x®®), the symmetry of V is expressed by the fact that 
where i,j,k = l,...,n, are the coefficients (Christoffel symbols) of 

V d y—r = Pj^ ——r. For a vector field A = x*Tr^ on M, we set 
^ ox^ ax'® dx® 

A^ = -I- urP^ Y-^ — 

A Q^i +yk ^JX 

and we call the vector field A^ the horizontal lift of X on T*M. The horizontal lifts of 
all vector fields on M define the horizontal bundle TL on T*M with respect to V which 
is a distribution on T*M complementary to its vertical distribution kervr*, namely 


T{T*M) ='HekevTT^, 





|25j . The sections of % are called horizontal vector fields of T*M. It is evident that a 

horizontal lift is indeed horizontal and, conversely, a projectable horizontal vector field, 

d 

i.e., a horizontal vector field whose coefficients of r are functions pulled back from M, 
is the horizontal lift of its projection. H is involutive if V is of zero curvature. 

We have that the complete lift N'^ of a Nijenhuis operator N maps the projectable 
horizontal vector fields X^, X G T{TM), to 

= {NXf + [ViV]^, ( 6 ) 


where is the vertical lift of the (1, l)-tensor field [VA^]x on M defined, for any 

Y € r(rM), by 

[VN]xY = {XxN)Y - {XyN)X, 

[31]. Therefore, we get that conserves the horizontal distribution H if and only if 
[VA^]x = 0, for any X G r(rM), or, equivalently, for any X,Y € T{TM), 

{VxN)Y - {VyN)X = 0. (7) 


In the following, equation ([7]) will be referred as compatibility condition between N and 
V. An easy computation yields that, in local coordinates, ([7]) is equivalent to the system 
of equations 


dx^ dx^ 




( 8 ) 


2.3 Contravariant connections 

The fundamental concept of contravariant connection in Poisson geometry appeared 
firstly in R. L. Fernandes’ paper [9| and from then it has an essential contribution in the 
study of the global properties of Poisson manifolds, (JO], [5]. Its definition is inspired 
by that of a classical covariant connection and it is based on the general philosophical 
principle in Poisson geometry that the cotangent bundle plays the role of the tangent 
bundle and the two are related by the bundle map 11 ^. 

Let {E, T, M) be a vector bundle over a Poisson manifold (M, 11) and T{E) the space 
of the smooth sections of E. A contravariant connection on S is a bilinear map 

V : r(r*M) X r(F;) ^ t{e) 

(a, s) !->■ VqS 

satisfying, for any (a,s) G r(T*M) x T{E) and / G the following properties: 

V/aS = /VaS and Va(/s) =/V«s + (£n#(a)/)s. 

In order to introduce the corresponding notion of contravariant derivative along a 
path for a contravariant connection V on E, we define a suitable notion of cotangent 
path (or r*M-path in the sense of 0) as follows. 

A cotangent path a with base path 7 is a curve a : [0,1] T*M sitting above some 
curve 7 : [0,1] —)■ M, that means that 7r(a(t)) = 7 (t), such that 

^(t) = n#(a(t)). 

Hence, given a T*M-path ( 0 , 7 ) and a path u : [0,1] E on E above 7 , i.e., 
T{u{t)) = 7 (t), the contravariant derivative of u along a, denoted by VqM, is well defined. 
We choose a time-dependent section s of FI such that s{t,'y{t)) = u{t) and we set 

Vau{t) = XaStijit)) -h ^(7(i))- 



In what follows we are interested in contravariant connections on the cotangent bun¬ 
dle (T*M, vr, M) of a Poisson manifold (M, IT) induced by a classical covariant connection 
V on M. We know that any such connection V on (M, 11) induces a contravariant con¬ 
nection V on TM and a contravariant connection V on T*M which are defined, for any 
a,/3 G r(r*M) and X G r(rM), respectively, by 

Vq,X = Ii*{Xxa) + [n#(a), and = Vn#(/ 3 )a -h [a, /3]n, (9) 

where [•, -Jn is the Lie bracket ([I|) on r(T*M) dehned by H. Because 

n#:(r(r*M),[.,.]n)^(r(TM),[.,-]) 

is a Lie algebra homomorphism, the two connections are related by the formula 

v«(n#(/3)) = n#(v„/3). ( 10 ) 

Moreover, in the case where V is without torsion, they are, also, related as it is indicated 
in the following Lemma. 

Lemma 2.2 Let X be a linear torsion-free connection on M and a : [0,1] —>■ T*M 
a cotangent path with base path 7 . Then, for any smooth paths 9 : [0,1] —> T*M and 
u : [0,1] — 7 > TM, both above 7 , the following identity holds: 

{VaA, Ut) + {0t, ^atUt) = ^{9t,Ut). ( 11 ) 

We close this subsection by calculating the coefficients L^^ of V in a local coordinate 
system (x^,...,x") of M. Let be the Christoffel symbols of V in these coordi¬ 
nates. We consider the extension of V on T*M, also denoted by V, and we calculate its 
coefficients in {x^,..., x^): 

= -LLdx^ ( 12 ) 

dxJ 

Thus, 

i 


Hence we get 

= + (13) 






^ii*(dxi)d^A[dx\dx^]n = X^ji_^dx'-+ 
fmii JTol 






(rtn« + -^)dxK 


2.4 Poisson sprays 

The contravariant analogue of the classical notion of a spray (US]) is the one of Poisson 
spray that is defined in [6] as follows. 

Definition 2.3 A Poisson spray on a Poisson manifold (M, LI) is a vector field Vn on 
T*M that satisfies the following properties: 


1) For any ^ G T*M, ^ = (x,y) 


7r,^(Vn,)=n#(0; 


(14) 







2 ) 


(15) 

where m : M* x r*M T*M is the action hy dilatation of M* on the fibers of 
T*M, i.e., for any ^ = {x,y) G T*M, mfifi) = {x,ty). 


By studying the above properties of Vn we conclude that, in a local coordinate system 
{x,y) of T*M, Vn is written as 


^n{x,y) = + '^Fkix)yiyj ^ 


dyk 


Fl^ G C“(M). (16) 


In the following, we describe the local behavior of the flow y? of a Poisson spray Vn 
on (M, n) in the neighborhood of the points of the zero-section of T*M because it plays 
a fundamental role in the proof of our main result iTheorem I3.3p . We note that, at 
each X G M, the zero-section corresponds the zero-covector 0^ = (x,0) of TfM, and, at 
such points we have Tq^{T*M) = T^M (BTQ^{TfM) = T^M (BTfM, since To^fiTfM) is 
canonically identified with TfM. Therefore, each element u of Tq^(T*M) can be written 
as u = {u,6u), where u = (u) and 6u is the projection of u on To^{TfM) = TfM. 

On the other hand, taking into account the local expression (1161) of Vn, we have that the 
points O3; = {x, 0), X G M, are singular points of Vn- So, the maximal integral curves of 
Vn through these points are the same ones, i.e., ^pt{0x) = 0^:, for all t G M and all x G M. 
Hence, tpt is well defined on a neighborhood of the zero-section of T*M for all t G M and in 
particular for t G [0,1]. Its tangent map at these points, : Tq^{T*M) —)■ Tq^{T*M), 

is defined by = exp(tVno,^)- In the last relation Vno,,, is the composition of the 

tangent map Vn*„ : Tq {T*M) —>■ Tq„ (T{T*M)) of Vn at Oj,, as soon as it is viewed 
as a smooth section of T(T*M), with the canonical projection of Tqq {T(T*M)), which 
is identified with Tq^{T*M) © Tqq^ (To^(T*M)) = Tq^{T*M) © To^(T*M), on its second 
(vertical) summand Tq^(T*M). (For more details, see Proposition 22.3 in [T].) From 
(USD, we obtain that, in the coordinates {x,y), Vn«p has the matrix expression 


(I 0 \ 
0 I 

0 n^, 
Vo 0/ 


Consequently, for any u = {u,9u) G To^{T*M), Vuo^iu) = Vuo,iu,9u) = i-If*{9u),0) 
and 

Vt.o,, (“) = exp (tVno, (^)) = {u- tlit {9u),9u). (17) 

Finally, we remark that the contravariant analogue of the classical notion of geodesic 
spray can also be defined in the framework of Poisson geometry. Given a contravari¬ 
ant connection V on T*M of (M, H) with coefficients F^^, the notion of geodesics of 
V on T*M is defined, as usual, as the cotangent paths a : [0,1] —>■ T*M whose 
contravariant derivative along itself is identically zero: \/aO.{t) = 0. In local coor¬ 
dinates {x,y), a geodesic can be regarded as a curve ( 7 , 0 ) : [0,1] M x T*M, 
( 7 (t),a(t)) = (x^(t),..., x”(t), yi(t),..., y„(t)), which satisfies the following system of 
ode’s: 

j ^ = U’^\x{t))yj,{t) 

I ^ = -rf (a;(*))yi(*)yfc(0 


^T 


i = 1,... ,n. 


(18) 




The system (1181) determines the vector field Vn on T*M, that is given by 


Vn = - rf ^ 


”(9x* 


dyi 


and it is called the geodesic Poisson spray, which, clearly, has the properties (fTT)) and 
(fT5]l of Poisson sprays. The above discussion ensures us the existence of Poisson sprays 
on (M, n). 

We have that, if the considered contravariant connection on T*M is the connection V 
defined by a linear symmetric connection V on TM as in ([9]), the corresponding geodesic 
Poisson spray takes the form 


d 






i,j,k 


d 

' dpk 


2 ^^ z^y ki + Fi'r.k >y^y^ dpk 




' dx^ 

d 


i,j,k,l 








i,j,k,l 

h 


dx^ 

d 

dyk 


(19) 


Note that, for any A; = 1,..., n, the sum ^ ^ ^ yiPj is annulled because of the skew- 

symmetry of n. In this special case, at every point ^ G T*M, Vn^ coincides with the 
horizontal lift of n^(^) on T*M with respect to V. Therefore, Vn is a section of the 
horizontal subbundle T-L of T{T*M) dehned by V. 


2.5 Symplectic realization of a Poisson manifold 

In this subsection we present, briefly, the basic steps of the proof of M. Crainic and I. 
Marcut’ theorem [B] on the symplectic realization of a Poisson manifold: 

Theorem 2.4 (J^) Given a Poisson manifold (M, H) and a Poisson spray Vn, there 
exists an open neighborhood lA C T*M of the zero-section so that 


Q := 


f 


Pt ^candt, 


where ip is the flow o/Vn, is a symplectic structure on U and the canonical projection 
TT : {U, O) —>■ (M, n) is a symplectic realization. 


Firstly, they calculate the value of on vectors tangent to T*M at zeros Oa, G TfM. 
By identifying the space To^{T*M) with T^M 0 TfM, they prove that, for all u = 
{u,9u),w = {w,9^) G ToflT*M) ^ T^MeTfM, 


Qq^ {u, w) = {9y,, u) - {9u, w) - U{9u, 9yf). 


( 20 ) 


The above formula implies that the closed 2-form Vt is nondegenerate at the points of the 
zero-section of T*M. So, there exists a neighborhood U of the zero-section in T*M on 
which ift is well defined for any t G [0,1] and Q\u is symplectic. In the second step, by 
fixing such a U, they consider a torsion-free covariant connection V on TM, in order to 
handle vectors tangent to T*M, and they establish a generalization of (I2n|) at arbitrary 




points ^ G U. Precisely, they prove (Lemma 2.3 in [^) that, for any pair {u,w) of 
elements of T^{T*M), 


n(tt,rc) — (^{o^fjUt) {Out^wt) Iq, 

where ut = ^uiu) (resp. wt =_(pt^{w)), ut = T^*{ut) (resp. wt = 'K^{wt)), Out = ut - u’l 
(resp. Quit = Wt — w^) and Out (resp. Ou,t) is a solution of the differential equation 
^atOut = Out (resp. ^atOwt = Owt)^ with at being the path on U given by at = (ftiO- 
In the third and last step, they show that the projection 'k\k : U ^ M push-down the 
bivector associated to to the Poisson tensor 11, i.e., that tt is a Poisson map. 


3 Sympectic realization of Poisson-Nijenhuis manifolds 


Let (M, LlojA^) be a Poisson-Nijenhuis manifold. Without loss of generality we assume 
that N is nondegenerate. We can make this assumption because, if det = 0, we can 
replace N with the nondegenerate Nijenhuis operator N' = I+N which produces with Ho 
the same bi-Hamiltonian structure viewed as a bi-parametric family H^^a = ^hlo + AHi, 
K, A G M, of pairwise compatible Poisson structures, with H^ = N o Hq . In this case, 
an hierarchy (H^j^gz, H^ = o H^, of pairwise compatible Poisson structures is 
also defined on M. We consider the complete lift of N on T*M and the pair of 
sympectic forms (utcamWi), where ujcan is the canonical symplectic form on T*M and 
cui is the symplectic 2-form defined by a;i(-, •) = •) = Wcan{-,N^-). In the local 

coordinate system (x, y) of T*M, they have, respectively, the matrix expression 


- "A 

'can - Q J 


and 



Since is a Nijenhuis operator, uican and oji are Poisson-compatible in the sense of 
[Miin]. Furthermore, we consider a Poisson spray Vno on T*M associated to Hq and 
we denote by ip its flow. Thereafter, we endow T*M with the pair of closed 2-forms 


Hn — 


iftljJc 


idt 


and 


Hi — 


iplutidt 


( 21 ) 


and we remember that Hq is symplectic [6]. 


Lemma 3.1 The pair (Ho,Hi) is a pair of Poisson-compatible 2-forms. 


Proof. By definition [2^, (Ho,Hi) is Poisson-compatible if its recursion operator R 
defined by i? = Hq ^ o H^ is a Nijenhuis operator0 It is well known that it is true if and 
only if the 2-form H 2 defined by the relation H 2 = H^ o i? = Hq o is closed, [2]. We 
have that, for all u,w G T{T{T*M)), 

aJl{ipt*U, ipt*w)dt = / UJcan{N''{(puu), (fuw) 

Jo 


Qi{u,w) = / {iplu}i){u,w)dt = 

Jo 


and 


(pluJcan{Ru,w)dt = / UtcaniPuRu, <Puw)dt. 

Jo 

^We recall that nj, i = 0,1, denotes the vector bundle map from TM to T*M whose the induced 
map on the space of smooth sections, also denoted by Pi, is defined as follows: for any X,Y € T{TM), 
{nUx),Y) = -Q.{X,Y). 


H 


{u,w) = ^o{Ru,w) = 

Jo 



Thus, for all u,w e T{T{T*M)) 


/ UJcan{^uRu,lfuw)dt = U}caniN'^{‘Puu), (pt,w). (22) 

Jo Jo 

We consider on T*M the closed 2-form 002 defined by = <^o ° (since T(iV'^) = 0, 

dL 02 = 0) and we calculate, for all u,w & T{T{T*M)), 

Q2{u,w) = ^o{R'^U,w) = / ip*UJcan{R^U,w)dt = / U)can{‘fuR^U,ipuw)dt 

Jo Jo 

/ U!can{N‘'{(pt,{Ru)), (pt,w)dt = 0Jcan{^u{R'u), N'^‘fuw)dt 

Jo Jo 

I ^can {(ftARu), n,{^-uN‘'n,w))dt 


^can ipuiip-uN^ipuw))dt 


UJcan{N''iipt,u), N'^{(pt,w))dt = / U]can{{N''Y {(fuu), (puw)dt 


U2{ipuU, ipt,w)dt = / ipluj2iu,w)dt. 


Therefore, 

^2 = / ipluj 2 dt and dQ 2 = 0. 

Jo 

Hence we get the compatibility of Hq with Hi. 

For the follow of our study we have also need the next lemma. 


Lemma 3.2 Let N) be a Poisson-Nijenhuis manifold equipped with a torsion- 

free covariant connection V compatible with N. Then, for any a, ft ^ T(T*M), the 
following identity holds: 

V„(‘iV/3) = *iV(V„/3), (23) 

where V is the contravariant connection ([3) on T*M induced by V and Hq. 


Proof. Effectively, for any a, fJ ^ T{T*M) and X G r(rM), we have 


(V„(*iV/3),X) 


~ ( -^/3) ~~ ^^(ni(Q^)/3)), W) 

i nf(/3)(a, X) - {a,X^^#^^^X)+U*{a)YN(3, X) 

-CN(3, - nf (/3)(a, X) + {a, 

-{d{Ui{a,P)),X) 

i -(a,[ivn#(/3),x] + Vx(wn#(/3))) +n#(a)(*iV/3, X) 

- (*iV/3, [nf (/?),^]) - (d(ni(«,/?)), X) 

= - {a, {VxN)U*i/3) + NXxIitm + n#(a)(*iV/3, X) 

-CNfj, £n#H^)-(^(ni(«,/?)), ^)- 


On the other hand, 


{^N{V^P),X) 


~ ^]no) 

~ ^^n#(/3)“ + ~ '^n#(/3)“ “ c?(no(a) /3)), NX) 

= n#(/3)(a, NX) - (a, Vn#(^)(iVX)) + Yi*{a){(5, NX) 

- (/3, /:„#(„)(iVX)) - li*mo^.NX) + {a,C^^^^^{NX)) 
-(h(no(a,/3)), A^X) 

= - (a, (Vn#(^)X)X + iVVn#(^)X) + no#(a)(/?, XX) 

- + («’ 

-(d(no(a,/3)), NX) 

= -(«, (Vn#(^)X)X) - (*X«, Vn#(^)X) +n#(«)(/?, XX) 

- ((^nr J) ^nr(a)^) + ((^nrw 

+ (*Xa, C^*^f,)X) - (*Xd(no(a,/3)), X). 


Hence, taking into account the facts that X is compatible with the symmetric connection 
V and C(no,X) = 0, we obtain 

(V«(*X/3) - *X(V„/3), X) = -(«, (VxX)n#(/3) - (Vn#(^)X)X) 

+ (*X«, Vn#(^)X - Vxn#(/3) - [n#(/3), X]) 

+ (-d(ni(a,/3)) + (£„#(„) *iV)/3 - (/:n#(^) ‘A')® 
+ *Xd(no(a,/3)), X) 


for any X G r(TM). So, equality (l23|) is established. The above result means that, 
under the conditions of compatibility of X with (Hq, V), *X is parallel with respect to 

V. ♦ 

Now, we proceed with the proof of the central theorem of this work. 


Theorem 3.3 Let (M, no,X) he a Poisson-Nijenhuis manifold, with X nondegener¬ 
ate, equipped with a torsion-free covariant connection V compatible with X. Let, also, 
iJLk)ke.z, = N^ o n^, he the associated hierarchy of pairwise compatible Poisson 
structures on M, Vno a Poisson spray corresponding to Hq and ip its flow. Then, there 
exists an open neighborhood U of the zero-section in T*M such that the canonical pro- 
jectiomr : (X, Ho,Hi) —>■ (M, no,n_i) is a symplectic realization o/(M, Hq, H-i), where 
(Hq, Hi) is the pair of Poisson-compatible symplectic structures on T*M defined by /fIT]) . 

Proof. The result of M. Crainic and I. Marcu^ [6] (see, also, subsection 12.51) ensures 
the existence of a neighborhood U in T*M of the zero-section of T*M such that ipt is 
defined for all t G [0,1], Lt.o\u is symplectic and vr : (X,no) —>• (Tf, Hq), where Hq is the 
symplectic Poisson structure defined by Hq, is a Poisson map. Our aim is to prove the 
claims that Lt.i\u is symplectic and vr : (X,Hi) —)• (M,n_i) is also a Poisson map, where 
Hi is the symplectic Poisson structure defined by Hi. 

First step: We start by evaluating Hi on vectors tangent to T*M at the points 0^ = (x, 0) 
of the zero-section of T*M. As we noted in the subsection 12.41 Tq^{T*M) = T^M © 




Tq^{T*M) is canonically identified with TxM ®T*M and each element u of Tq^(T*M) 
is identified with u = {u,9u), where u = and 6u is the projection of u on 

Tq^{T*M) = T*M. Hence, for any pair {u,w) of elements of Tq^{T*M), u = {u,0u) and 
w = {w,0u)), we have 


0.1,. Kw) = («) o^)„_ (e“„) " 0^){l) 

= Nu) - {^NOu, w) = {6^, Nu) - {Ou, Nw). (24) 

Furthermore, since ipt{0x) = Ox, 

Wlo, iw)) 

{{u - mfiOu), 9u), {w - m*{9^), 9^)) 

{9^,Nu - tNU*{9u)) - {9u, Nw - tNU*{9^)) 

{9^,Nu) - {9u,Nw)-2m,i9u,9^). 


{V’t^i)o:,{u,w) = 

El 

Ip 


Consequently, 


[ {(flwi)o^iu,w)dt = [ {{9w,u) - {9u,w) - 2tlli{9u,9nj))dt 
Jo Jo 

{9^,Nu)-{9u,Nw)-Ui{9u,9^). (25) 


The last expression implies that Oi is nondegenerate at the points 0^, x € M, of T*M. 
Since ipt is defined on U for any t G [0,1], we conclude that Oi is symplectic on U. 

Second step: In this step we evaluate Oi on vectors tangent to T*M at arbitrary points 
^ ollA and we establish a formula analogous of (j25p which we shall use in the proof of 
the assertion that vr : (Z./, fli) —>■ (M, n_i) is a Poisson morphism. In order to describe 
the sections of T{T*M), we assume that M is equipped with a symmetric covariant 
connection V compatible with N in the sense of ([7])lj Then, the tangent bundle of T*M 
is decomposed, with respect to V, as TiT*M) =71® kervr*, where % is the horizontal 
distribution on T*M defined by V. Hence, any tangent vector u of T*M at ^ is written 
as 

u = + 0K, 

where is the horizontal lift at ^ of the projection u = 7r*^(M) of u on and 9u is 

the projection of u on kervr*^ = parallel to u^. Clearly, at the points ^ = 0^, the 

decomposition T^{T*M) = ^^©kervr*^ coincides with the one described in the previous 
step. The fact that V is torsion-free ensures that the distribution "H is Lagrangian with 
respect to Wcan- The extra condition © of compatibility of N with V implies that 
Ti is conserved by N'^. Hence, U is also Lagrangian with respect to wi, i.e., H is a 
bi-Lagrangian distribution with respect to Indeed, for all u,w € T^{T*M), 

N'^u = ^ {Nuf + ^N9u, (26) 


WcaniN'^U^w) 

^can{{Nu)^ + ^N9u, + 9^) 

^can{{Nu)^, W^) + (jJcani{Nu)^, 9^) + UJcan{ ^N9u, W^) + UJcan{^N9u, 9^) 

{9^, Nu) - {^N9u, ^v) = {9^, Nu) - {9u, Nw), (27) 


and 

L0l{u,w) = 


^For some comments on the existence of a such connection, see Remark ED 



because 71 and kervr* are Lagrangian distributions on T*M with respect to Ucan- The 
above formula is a generalization of (I24p at an arbitrary point ^ € T*M. 

In the following, we fix in W and we consider the cotangent path a : [0,1] —>■ U, 
at := which is the integral curve of Vno through and we denote by 7 = tt o o its 

base path on M. By pushing forward a tangent vector u G T^U by : T^U — TaJJ, 
t € [ 0 , 1 ], we obtain a smooth path ut := (pt,^{u) of vectors along a; its projection 
ut = on TM yields a path of vectors along 7 while its projection Out the 

vertical space kerTr*^^ parallel to Ut defines a path of covectors along 7 , also. I.e., we 
have Ut € T^(t)M and Out ^ Accordingly to Lemma 2.2 of [ 6 ], the two paths 

are related by 

at^t = (28) 

The action of N'^ on ut produces another path of vectors along a given by 

N<=ut ® iNut)^+^N0uf 

Its corresponding paths on TM and T*M are Nut and ^NOuf, respectively. Hence, 
taking into account ( 1281 ) . we get 

VuANut) = = ^tiOut)- (29) 

Now, we can establish a generalization of (j25|) at an arbitrary point ^ of U. We 
consider a pair ( m , w) of elements of T^U and its associated pairs of paths {ut, wt) on TU 
over a, {ut,wt) on TM and {0ut,(^wt) on T*M, both over the base path 7 of a. Let Out 
(resp. 0u)t) be a path in T*M solution of the differential equation 

'^ajut = Out (resp. VatOwt = 0u,t)- (30) 

We will show that 

TLi{u,w) = {{Outt.Nut) - {^t.Nwt) (31) 

We have 

fi pi j 2 Y[ | 

fli{u,w) = / {ipluJi){u,v)dt = / U}i{ut,wt)dt = / [{0u}t,Nut) - {0ut,Nwt))dt. 

Jo Jo Jo 

Hence, it is enough to prove that 

{0u,t,Nut) - {0ut,Nwt) = ^{{0u,t,Nut) - {0ut,Nwt) -Ili{eut,0wt))- (32) 

In fact, we have 

{0u,t, Nut) - {Out, Nwt) = {'^atOwt, J^Ut) - {Vajut, Nwt) 

® j^{{0utt, Nut) - {Out, Nwt)) 

-{Lt, NatiNut)) + {Out, NatiNwt)). 

Taking into account (1291) and Lemma 13.21 the last two terms yield 

{Outt, Ilf {Out)) - (Out, nf (0^J) 

{Outt, NnfiVatOut)) - {Out, n*^N{Vat0u>t)) 
{^NOutt, VatllfiOut)) + {^NiVatLt), ^tiOut)) 
{^NOutt, NutlltiOut)) + {NatCNOutt), ^tiOut)) 
j^{'N0u,t, ^tiOut)) 

J^{^l{0ut, 0u,t))- 


{Outt, NatiNut)) - {Out, NatiNwt)) = 

{p 


-I r» 


Thus, relation (f32]l is true and, consequently, formula (l3T|) is also satisfied. 

Third step: In the third and last step, we shall prove that the projection vr is a Poisson 
map for the pair (ni,n_i). For this, we firstly remark that 

orthf 2 i(ker TT*) = orthQp(i2ker7r*) and i?orthQ^(ker vr*) = orthQp(ker vr*), 

where orth^j. (•) is the orthogonal distribution of (•) with respect to the symplectic struc¬ 
ture fij, i = 0,1, and R is the recursion operator of (IIo, fli). We will show that 

orthQ^(ker vr*) = ker(7ri)*, (33) 

where vri = vr o ipi. Since is a diffeomorphism of lA, dimker(7ri)* = dimkervr* = n 
and dimorth^^(kervr*) = n. So, it suffices to show that ker(vri)* C orth^^(kervr*). 
We fix G ZY and we consider a vector u G kervr*^ and a vector w G ker(7ri)*^, then 
uq = vr*^ (u) = (7ro(^o)*5 (u) = 0, since (po = id, and wi = 0. In view of iV^ ker vr* C ker vr*, 
we have {N‘^u)q = Nuq = 0. On the other hand, we remark that the differential equation 
dsni), as an equation on 6^^ (resp. O^t), is a linear ordinary differential equation having 
solutions defined for any t G [0,1] and satisfying any given initial condition. So, we can 
choose solutions satisfying the conditions 9uo = 0 and 6^^ = 0. Thus, 

Qi{u,w) ® {{e^^,Nut) - {6ut,Nwt) -Ui(9ut,9wt))\o 

= {9u!i,Nui) - {9ui,Nwi) -Ul{9ul,9^,^) 

-{9^,Q,Nuo) + {9uo,Nwo) + ni(0„Q,0^„g) 

= 0 , 

whence we conclude that w G orth^i^ (ker vr*^) and that (l33l) is valid. But, ker(vri)* = 
orth^g(ker vr*) ([6]) and orthQ^(ker vr*) = orthQg(iZker vr*), therefore, orthQg(iZker vr*) = 
orth^p (ker vr*), which means that ker vr* is invariant by R. 

Now we will calculate the projection of Hi by vr using the two expressions of fli (see. 
Lemma 13.1|) . We consider a point ^ G and an arbitrary covector 9 G T*M, where 
X = vr(^), and we denote by u the unique vector in T^IA defined by the relation 

Ti\{u) = ^*9. 

We can easily remark that u is a point of orth^^^ (ker vr*^) = ker(vri)*^, thus ui = 0. 
Furthermore, ^^(m) = vr*0 ^^(iZM) = vr*0, which yields that Ru G orthfjp^ (ker vr*^) = 
ker(vri)*^, so {Ru)i = 0. Consequently, for any w G T^U, we have 

ni(u,u;) = TLq{Ru,w) = {{9^^,{Ru)t) - {9(^Ru)t^wt) - no(0(vj„)j,0^J)|o 

-0wo,{Ru)o) + (<9(vj„)p,u)o) + no((9(R„) 0 ! ^^0 ) 

and, by choosing verifying the initial condition = 0, we obtain 

ni(u,'u;) = -((9u,o,(iZM)o) + ((9(R„)o,?no)+ no(0(R^.)p,0u,o) ^ 

{9, Wo) {^wqt {Ru^o} T (^(i?ii)o ; ^o) T Ilg ). 

The last equation holds for any w G T^U and for any initial value of dw Thus, 0 {_ru)o = ^ 
and n^(0) = {Ru)q. On the other hand, from the second expression of fli we take 

Q.i{u,w) = [{9w,,Nut) - {Kt,Nwt)-Iii{9ut,9w^))\l 

= (0^1, ZVtti) - , Nwi ) - III (0„^ , 0«;i) 

~{9woi TIuq) {9uq, Nwq) IIi{9uq, 9wo)- 



Then, by choosing = 0 and because of Nui = 0, we get 


{9, wq) — —{9u}q, Nuq) + ( ^N9uq, wq) + IIq{^N9uq, 9uiq), 

which holds for any w G T^IA and for any initial value of 9w Therefore, ^NOuq = 9 and 
U*{^N9uo) = Nuo. Hence, 

n#(0) = U*CN9u,) = Nuo ^ N-^U*{9) = uo^ H# (0) = uq. (34) 

However, 

-71*9 = ^}\{u) ivf{'n*9) = u => 7r*(n^(7r*0)) = 7r*(rt) 

(TT^ofif O7r*)(0) =ho 9 (vr^oHf o7r*)(6») =n#i(6»). 

Therefore, 

TT* oflf OTT* = H^^, 

which means that vr is a Poisson map for the pair (ni,n_i), also. ♦ 

Remark 3.4 Let H^ be the Poisson structure defined, for any A: € Z, by the symplectic 
form ^ 

rifc = / ipt^kdt, where ujki-,-) = (^can{{N‘')'"-,-)- 
Jo 

By considering on U the hierarchy {tlk)k€Z of pairwise compatible Poisson structures, 
we can easily prove that vr is a Poisson map for any pair (nfc,n_fc), k G Z. 


Remark 3.5 In the second step of the proof of the above theorem, we have assumed the 
existence of a symmetric covariant connection V on M compatible with N. In general, 
it is difficult to establish the conditions under which a given tensor field S' on a smooth 
manifold M admits a “compatible”, in a certain sense, symmetric covariant connection. 
In local coordinates, finding a torsionless V “compatible” with S reduces to determining 
the existence of solutions for non-homogeneous C°°(M)-linear systems with unknowns 
the Christoffel symbols of V. In our case, for given N, the corresponding systems are 
the ones given by ([8]): 


r* i/ — r* 
jrk kl 


= 


dx^ dxi' 


(35) 


By calling, for each i = 1,... ,n, P* the symmetric matrix with elements the unknown 
functions P*^, (1351) is written as 


r*iv - = 



M) 

dxN 


It is a C°°(M)-hnear system of —-— equations with —-— unknowns, the functions 

P*^. Such a system, it is either incompatible, or, if it admits a solution, then it admits 
an infinity of solutions whose difference is a solution of the corresponding homogeneous 
system. 






4 Examples 


In this section we give two examples of Poisson-Nijenhuis structures for which our result 
is applicable. 


Example 4.1 Pair of diagonal quadratic Poisson structures: Let P be a finite dimen¬ 
sional (real) vector space and (x^,..., x”) a system of linear coordinates for V. We recall 
that any bivector field 11 on V of type 

n = 7 ^ A 7 -—r, with € M, 

ax® ox^ 

Kj 


is Poisson and it is called diagonal quadratic Poisson structure, [ 8 ], |16] . Therefore, any 
pair (Ho, Hi) of quadratic Poisson structures is compatible in the sense of Magri-Morosi 
and it defines a bi-Hamiltonian structure on V. We consider such a pair and we suppose 
that its elements are related by a recursion operator N, i.e., H^ = A^Hg = Hg 
Precisely, if 


Hn = 


E 

Kj 


11 I 1 

WqX X'^ 


d 


A 


d 


9x® dx^ 


and 


Hi = 


E 

Kj 


ij i -i 9 d 
zuf X X-® 7 -^ A TT—r, 
^ (9x® dx3 


X'' • ■ ■ • 7 ■ 

then the components v] of N must be of type v] = n®,-—r with n®- G M and wV = nltzjg = 

J J J J ± L KJ 

Because (HojHi) are Poisson compatible, N is necessary a Nijenhuis operator. 
Our problem consists of finding a symmetric covariant connection V on P such that its 
Christoffel symbols P®-^ verify condition ([ 8 |). We can easily check that the connection 

with Christoffel symbols PL =-r and all the other P^^- zero gives a solution to our 

problem. Hence, we conclude that any Poisson-Nijenhuis structure of the considered 
type is symplectically realizable. 


Example 4.2 We consider the pair (HojHi) of compatible Poisson structures on M®, 
where Hq is the linear Poisson structure associated with the periodic Toda lattice of 
3-particles and Hi is the Poisson structure constructed in [7] that has the same Casimir 
invariants with Hq (the functions C = 010203 and C = + f >2 + ^ 3 ) and whose first part 

is the quadratic Poisson bracket associated to Volterra lattice. In Flaschka’s coordinate 
system ( 01 , 02 , 03 , 61 , 62 ,^ 3 ), 


n» = E“'7)V^<7)S: 


d 


i=l 


dai dbi dhi+i' 


and 


Hi = 


3 

y^(ojOj-i_i 

i=l 


A 

9ai 


d 

9ai+i 


A A_i 

dbi ^ dbi+i 


with the convention (oj+ 3 , 6 i+ 3 ) = {ai,bi). The pair possesses an infinity of recursion 
operators of type 


N = 


0 

0 

0 

oi 

oi 


F 


G 


az 

,Ol 


H + 


1 

oi 


0 

0 

0 


03 ^ 1 

—F H- 


02 


02 


G 


03 


H 


02 


0 

0 

0 

F 


az 


G + 


1 

az 


H 


f f f + ai\ 
9+ a2 9 9 

h 6 - -|- 03 h 

0 0 0 

0 0 0 

0 0 0 


where f,g,h,F,G,H G (^““(IR®). Since, H^ = o H^ is Poisson and compatible with 
Hq, N is a Nijenhuis operator. In the case where F = G = H = Q and f = g = h = C, 







there exists an infinity of symmetric connections compatible with N. Such a V is defined 
by the functions 


u 

44 

II 

— -L 54 

— -L 46 

II 

'-1 

— 55 

— ^ 56 

— 65 

= c 

.2 

45 

— 54 

— 46 

— -L 64 

— -L 55 

— 56 

— ^ 65 

— J- 66 

= c 

CO 

— 45 

— 54 

— 46 

— 64 

— 56 

— 65 

— J- 66 

= c 


and hgg — C “t“ tti, 
and ^44 = C* + 02 ) 
and = C + 03 , 


and all the other are zero. Then, by applying Theorem 13.31 we conclude that (IIo, Hi) 
is symplectizable. 


Open problem: Our first approach to the study of the problem mentioned in the 
Introduction was the following. Let (M, no,ni) be a bi-Hamiltonian manifold endowed 
with a symmetric covariant connection V. We consider the convex linear combination 
Hs = (1 — s)no + sHi, s € [0,1], of Ho and Hi which produces on M an 1-parameter 
family of pairwise compatible Poisson structures. Then the Poisson sprays and the 
contravariant connections corresponding to the above structures have the following nice 
properties. 


• If Vno is a Poisson spray of Hq and Vni is a Poisson spray of Hi, then the vector 
field 

Vn* = (1 — 'S)Vno + 

is a Poisson spray of H^ = (1 — s)no + sHi. 

• If Vj and Vj, i = 0,1, are the contravariant connections on TM and T*M, respec¬ 
tively, defined by the pair (VjHj), i = 0,1, as in Q, then 

— Vs = (1 — s)Vo -|- sVi is a contravariant connection on TM, 

— Vs = (1 — s)Vo -|- sVi is a contravariant connection on T*M, 

and the two are related by the formula 

(Vs)„nf(/3) = nf((Vs)„/3). 


Hence, if {(ps)t is the flow of Vn^) by applying the M. Crainic and I. Marcus’s technique 
we construct on a convenable neighborhood U of the 0-section of T*M an 1-parameter 
family of symplectic forms 


n 


s 



t ^can 


dt, 


SG [0,1], 


such that TT : {U,Ils) where Hs = is a Poisson map for any s € [0,1]. 

The question which arises is: Are the Poisson structures Hs, s G [0,1], compatible between 
them? If not, under what eonditions can this happen? 
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